The increasing use of auctions as a selling mechanism has led to a growing interest in the subject. Thus both auction theory and experimental examinations of these theories are being developed. A recent method used for carrying out examinations on auctions has been the design of computational simulations. The aim of this article is to develop a genetic algorithm to find automatically a bidder optimal strategy while the other players are always bidding sincerely. To this end a specific dynamic multiunit auction has been selected: the Ausubel auction, with private values, dropout information, and with several rationing rules implemented. The method provides the bidding strategy (defined as the action to be taken under different auction conditions) that maximizes the bidder's payoff. The algorithm is tested under several experimental environments that differ in the elasticity of their demand curves, number of bidders and quantity of lots auctioned. The results suggest that the approach leads to strategies that outperform sincere bidding when rationing is needed.
INTRODUCTION
Motivated by the enhanced use of auction, the present work reports a computational experiment of a specific ascending multiunit auction, the Ausubel auction (Ausubel 1997 (Ausubel , 2004 . In the framework considered, bidders have independent private values and full bid information. In these experiments all bidders, except one, always bid sincerely, i.e., according to their true values. Nevertheless, there is one bidder (the strategic bidder) that behaves according to a genetic algorithm (GA) that learns from one round to another. The results suggest that the GA developed can achieve higher payoffs than bidding sincerely when he can take advantage of the rationing rule. To test the GA, several rationing rules have been considered. The strategic bidder finds an optimal strategy that differs from equilibrium (sincere bidding) once he learns his rivals' behavior and the rationing rule. This bidder tends to end the auction early to increase his gains.
This result can be interesting for future researches as auctions are extensively used as selling mechanism in different markets around the world. The items or lots auctioned range from the wide variety being offered on Internet marketplaces like eBay; the government auctions of spectrum rights, treasury bills, electricity, emission permits; or the auctions of art, financial assets, agricultural goods, etc. As a result of these activities, auction theory and experimental examinations of these theories are of growing interest. It is very difficult to list the numerous articles on auctions. However, some of the relevant references are Klemperer (2000 Klemperer ( , 2003 , Krishna (2002) , Milgrom (2004) , etc.
Auction theory is founded on the dual assumptions of rational behavior and equilibrium. It gives players some prescriptive guidance of how they should play. Nevertheless, a number of social scientists challenge the rationality assumption, and argue that it should not be taken for granted as subjects sometimes make systematic errors in their strategies (Andreoni and Miller 1995) . Therefore, an alternative must be reached to search for the best strategies but without assuming perfectly calculating rationality on players. The biological theory of evolution might be a key point in this challenge.
Biological theory rests on three fundamentals: heterogeneity, fitness, and selection. An important part of animals behavior is genetically determined by one or more genes (genotype) in many games, including auctions, has also been analyzed (Simon and Zame 1990; Jackson et al. 2002) .
The remainder of the article is structured in the following manner. A definition of the auction model selected is given in section 2. Three rationing rules are considered in this section: the proportional rationing rule, the spread rationing rule, and the concentrate rationing rule. In section 3 the experimental environment, the fundamentals of the bidding algorithm, and the auction conditions that affect its performance are described. Section 4 evaluates the experimental results in several environments by comparing the bidders payoff and the seller's revenue that yields the GA strategy with those obtained if all bidders bid sincerely. The optimal bidding strategy that the GA proposes, which outperforms sincere bidding is also analyzed. To that end the bidders' behavior in six different experiments per each tie-breaking rule has been analyzed deeply. In section 5 the main conclusions and future work are presented.
THE AUSUBEL AUCTION FORMAT
This article focuses on a particular specification of rules for what might be referred to generically as an "ascending-clock auction." In the standard ascending-clock auction, where demands are required to be non incremental in price, the auctioneer employs a price "clock" that starts at zero (or at a low price) and increases continuously thereafter. For each price, p, each bidder i simultaneously indicates the quantity q i ( p) he desires. When the price p * is reached, such that aggregate demand no longer exceeds supply, or until the exogenous ending time is reached, whichever occurs sooner, the auction is over. Each bidder i is then assigned the quantity q i ( p * ) and is charged a unit price of p * . The description of the alternative ascending-bid auction developed by Ausubel (1997 Ausubel ( , 2004 coincides with this auction format where bidders choose at what price to drop out of the bidding, with dropping out being irrevocable. What is not specified, however, are the payments owed to each of the winners. As it has been mentioned, when the auction is over each bidder i is assigned the quantity q i ( p * ) but is charged the standing prices at which the respective objects were "clinched." With M objects for sale at a price p 1 , bidder i clinches an object when the aggregate demand of all other bidders is lowered, at least, from M to M − 1 but bidder i still demands two units or more. This is, when the demand of all bidders except him is smaller than the total supply but the total demand exceeds the total supply. In this situation bidder i is guaranteed at least one object no matter how the auction proceeds. In this way the auction sequentially implements the Vickrey rule that says each bidder pays the amount of the k th highest rejected bid, other than his own, for the k th object won. The Ausubel auction provides several information rules: with and without dropout information. In the first one, dropout prices are announced as they occur, along with announcements of items earned (or clinched) and prices paid, as the auction proceeds. In the second one, winners and prices paid are not announced until the auction has ended. For a better understanding of the allocation and payment rule of this mechanism, Appendix A includes two examples of the Ausubel auction. In the first one, participants bid sincerely and in the second one, bidder 1 bids according to the GA.
To be able to define the auction outcome, it is necessarily to make first a basic specification of the model from the formulation in Ausubel (1997) , considering all discrete variables. In each auction the seller offers M number of indivisible units of a homogeneous good to n bidders. Each bidder i obtains a marginal value of v i,k for the k th unit of the good, for k = 1, . . . , M. Thus if bidder i gets q * i units for a total payment of P * i , he obtains a payoff of:
All bidders are assumed to exhibit (weakly) diminishing marginal values, i.e., v i,k ≥ v i,k+1 ≥ 0, for all i = 1, . . . , n, which are privately observed by the respective bidders, making this game one of incomplete information. The estimation of the own value made by bidder i is not affected by bidder j's valuation. As it is explained in the next section, bidders marginal values are generated randomly from an uniform distribution and are statistically independent of each other for i = j.
In the model it is assumed that all bidders have full bid information. This means that bidders have the complete history of all bids made by all bidders in the auction. This specification of the Ausubel auction with dropout information is sometimes referred as the Ausubel-Plus auction (Kagel, Kinross, and Levin 2004) .
For any round l, the aggregate demand by all bidders is Q l = i q l i . Hence, the cumulative vector of quantities C l i clinched by bidder i at prices up to p l is defined by equation (2).
Setting c
, the individual quantities clinched by each bidder at price p l are defined as follows:
The auction outcome associated with any final history l = L is defined in equations (4) and (5).
Payment :
In the same way, the seller's revenue per auction is defined as the total payments done by all bidders revenue:
Ausubel (2004) demonstrated that in this auction format with pure private values, sincere bidding by every bidder is an ex post perfect equilibrium yielding an efficient outcome. Notwithstanding, truthful bidding is not the unique equilibrium, as there may exist other equilibria.
In the model presented in this work, all but one bidder have a fixed bidding strategy: sincere bidding. There is only one bidder whose strategy depends on the process of the auction. This single bidder evolves according to a GA that learns the best strategy to implement from one auction to another and that indicates how the bidder should bid according to its results.
Rationing Rules
As price goes up and demanded quantities go down, it is possible that, for a certain increase of price, the supply is not covered at the final price (Q L < M). In these circumstances a rationing rule is introduced, consistent with q
Moreover, items clinched cannot be taken away form a bidders under the rationing rule. In this article three different rationing rules have been considered.
The first rationing rule applied is one of the most commonly used in the literature, that is, the proportional rationing rule (PRR). This rule establishes that when the supply is not covered at price p L , the allocation of the items is made according to equation (7):
As all variables are considered integers, sometimes when the rationing is applied, the items clinched must be rounded up.
Ausubel pointed out that the rationing rule may be specified relatively arbitrarily, but it must satisfy the following monotonicity property (Ausubel 2004) . If q L < q L−1 , then the expected quantity E[q * ] assigned to bidder i must be strictly greater than his final bid q L . The PRR satisfies this property.
In the second and third rationing rules considered, when the supply is not covered at price p L , the seller turns to the previous price ( p L−1 ) and allocates all the demanded units to the bidders. Then the excess demand (Q L−1 − M) is calculated, which is removed from the bidders in two different ways. The final quantities allocated to the respective bidders are defined by equation (8):
Before removing units, the difference between the bidders demand and what they have already clinched is calculated for each bidder. This demand not satisfied in round L − 1 is equal to s
In the second rationing rule, λ is calculated by removing one unit from the bidders with the highest s L−1 i , until the total demand equals supply. This rule yields a final allocation that spreads the items among bidders. Therefore, it will be named as the spread rationing rule (SRR). The third rationing rule works just like the previous one but λ is calculated in a different manner. Units are removed from bidders with the lowest s L−1 i , until the total demand equals supply. This rule will favor the concentration of items among bidders. Hence, it will be named as the concentrate rationing rule (CRR).
DESIGNING THE GA FOR THE BIDDING STRATEGY
GAs have proven to be a powerful method to search nonlinear problems for better solutions in many domains (Mitchell 1996) . The aim of the GA proposed in this work is to find a set of bidding rules that maximize the payoff of a bidder according to equation (1). To this end several experimental environments have been defined for which each bidder has a different set of values and a specific bidding strategy. Some authors have already used similar approaches to compare bidding strategies in auctions (Andreoni and Miller 1995) . These authors used a GA to test the bidding behavior among participants for the first and second-price auctions with affiliated private-values, interdependent private-values, and common values.
Defining the Experimental Environments
The experiment employs an independent-private-value (IPV) framework in which bidders have weakly diminishing marginal values, are risk neutral and have no budget constraints. In the experiments done with this auction format, all bidders except one have a fixed strategy, which is truthful bidding. Therefore, bidders will reduce their demanded quantities just when the actual price is equal to their real values. On the other hand, the bids of the strategic bidder who follows the GA will depend on several actions that are defined as deviations from bidding sincerely.
The bidders bidding behavior is explored in several environments that differ in the following variables: the number of lots auctioned (M), the number of bidders (n), and the elasticity of the bidders demand curves: elastic and inelastic. The number of lots auctioned and the number of bidders are considered as external variables for the following values: M = 10, 15, 20, and 25; n = 4, 6 and 8. The elasticity of the bidders demand curve depends on their private valuations of the items, which are generated as it is described below.
Every bidder has a set of values organized from higher to lower that specify the marginal value from the consumption of each additional unit. The model forces each bidder to define his values for at least as many items as the total supply. Bidders' values are drawn independently and identically distributed from an uniform distribution with support [0, 200] , with new random draws for each additional unit. These values are generated with two different algorithms, in the same way as Mochon et al. (2005b) .
Defining the Bidding Strategy
In each auction all bidders are programmed to bid their true value. There is only one bidder that has to beat his computer rivals by following the GA bidding strategy. The definition of the GA strategy requires the identification of actions linked to specific auction conditions. Each action is defined in terms of deviations (over-and underbidding) from the sincere bidding strategy. The demanded quantity according to the sincere bidding strategy of bidder i in the round l is represented by q l SB i . There are four possible actions to be taken: bid half of the sincere bidding quantity (q l SB i /2); bid the sincere bidding quantity (q l SB i ); bid 50% more of the sincere bidding quantity (q l SB i * 1.5); or bid twice as much as the sincere bidding quantity (q
The bidder that evolves with the GA strategy will bid one of these four actions according to the auction condition of each round. All these strategies have an upper bound that is the lowest of either the number of units being auctioned or, alternatively, the units demanded in the previous round (as demand is required to be nonincreasing). The lower bound is the number of units that the participant has already clinched.
Bidders face 61 possible auction conditions. The first one represents the initial market where no relevant information is available. A combination of the potential values of three different indicators is done to define the other 60 possible auction conditions. In each auction the value of these indicators changes from one round to another. As the auction format has dropout information, the bidder that follows the GA strategy constantly calculates these indicators and selects the appropriate action or bid.
The first indicator is the trend of price-demand elasticity from the competitors (ε p,d ), classified into these categories: [0, 0.5), [0.5, 1), 1, (1, 1.5), [1.5, +∞). The second one is the percentage of active bidders with respect to the number of bidders at the beginning of the auction (AB%), classified in the following intervals: [0, 25%), [25%, 50%), [50%, 100%] . And the third indicator is the operating margin of the strategic bidder (OM), defined as the number of objects that have not been clinched with respect to the number of objects demanded by the bidder. It has been classified into four intervals: [0, 1), [1, 1.25), [1.25, 2), [2, +∞). For a better understanding of these indicators see Mochon et al. (2005a) .
Defining the Genetic Algorithm
The encoding of the bidding strategies to the individuals is a direct process. As it was mentioned before, all strategies consist of a set of 61 integers valued from 0 to 3, depending on the action to be taken, which depends on the auction conditions. Because the actions can be encoded in two bits, each strategy could be represented as an array of 122 bits. This includes the sincere bidding strategy, q l SB i
. Because the action of following the sincere bidding strategy is defined as 1 (01), the strategy of a bidder would be represented as a string of 122 bits (where the value of every odd bit is 0 and 1 otherwise).
Therefore, an individual is a bidding strategy that takes into account all the possible auction conditions and specifies the amount to bid for each of these. For example, the strategy 001.. The assessment of a bidding strategy is made by running an auction twice. In the first run all bidders follow sincere bidding. In the second one, a bidder (bidder 1) evolves according to the GA and the others just bid sincerely. Once the allocations and payments for each bidder are obtained, the payoff for the strategic bidder for both runs according to equation 1 is calculated. The GA strategy will succeed if the payoff for bidder 1 is higher in the second run rather than in the first one, no matter what the others bidders' payoff or the seller's revenue. To search for the best strategy for each environment the GA used a population of 30 individuals that evolved for 1,000 generations. After several auctions or generations, bidder 1 realizes which are the private values of the other participants and finds his optimal strategy to beat them.
The GA is implemented with the parameters showed in Table 1 . The selection operator is a roulette wheel selection mechanism with elitism. The mutation and single-point crossover probabilities were set to 0.01 and 0.9, respectively. Crossover, and mutation are simple mechanisms for agents or individuals to modify their existing strategies based on past experience. Crossover allows an individual to create a new strategy by borrowing parts of previously successful strategies. Mutation allows an individual to make small modifications in old strategies in hopes of finding a better strategy. Different selection, crossover, and mutation operators have been tested with similar results. The search space is large 2 122 5 * 10 35 , but a lot of strategies are equivalent decreasing significatively the target search space. Besides, the GAs performance is good enough to avoid spending time tuning the GA parameters for testing different operator mechanisms, and the correct parameters used with the appropriate operator could be an optimization problem itself.
EVALUATING THE BIDDING STRATEGY
In this section the outcome obtained by the GA strategy is evaluated. The experiments have been run for all the environments described in section 3 and the rationing rules explained in section 2. For each rationing rule, the algorithm was run for all the environments 25 times, letting a population of 30 individuals evolve for 1,000 generations.
To evaluate the GA strategy, the payoff of the GA bidder is compared with respect to what he would have obtained with the sincere bidding strategy. Table 2 reports the strategic bidder payoff (bidder 1) for these two strategies when the PRR is applied. The unit of observation Standard errors of the mean in parentheses. Payoff differences form SB in bold.
employed is the mean of the payoff for each environment. The results display that the GA proposes a strategy, which yields to equal or higher payoffs than truthful bidding. Appendix B includes the same sets of results for the SRR and the CRR. For the different environments explored with all the rationing rules considered, the GA strategy always yields an equal or higher payoff than bidding sincerely. These results reveal that, at least in some cases and for all the rationing rules compared, bidders' payoff can be improved by means of GA.
Rationing Rules and Bidding Strategies with the GA
One of the key points in this study is to find out the bidding strategy that the GA proposes. To this end, the process of six auctions is analyzed in detail for each rationing rule considered (PRR, SRR, and CRR), three of them with elastic demand curves and the other three inelastic. The specific environment of these auctions is: n = 4 and M = 15. This analysis verifies that both the auction process simulation and the GA applied work properly.
The auction process for an example with the PRR in which every bidder follows the sincere bidding strategy, and afterward the same auction runs again but with bidder 1 following the GA strategy, is included in Appendix A. In this auction, when the GA strategy of bidder 1 is compared with respect to the sincere bidding, it can observe that at the beginning of the auction the participant is overbidding. Particularly, in this example, his action or bid is equal to q l SB 1 * 2 (code 11), i.e., he is bidding 10 when q l SB 1 is 5. He continues overbidding just until he determines the best moment to underbid and push the auction to rationing. There are two main facts that affect this decision: (i) the demand of the other competitors (q 
When equation (9) holds, it implies that the excess demand of the auction is equal to bidder i bid minus what he has already clinched,
Therefore, by lowering his bid in the next round, he has a high probability of pushing the auction to a rationing situation. Moreover, as he learns how the tie-breaking rule works and his rivals' preferences, the bidder will also calculate the number of items that he will probably gets if the rationing rule is put into effect in that round. When what he has clinched plus what he will probably get with the rationing rule is connected with his true valuation, then it would be the moment to underbid.
At that point the best strategy for bidder 1, according to the GA, is to make his possible minimum bid in the next round, i. e., q
. In this example he bids 2 when q l SB i is 3, the participant is underbidding. By doing this, bidder 1 pushes the auction to rationing. With this behavior, the strategic bidder has changed the final prices at which the units have been clinched. Therefore, both the bidders' payments and the sellers' revenue have been modified. In the other examples with the PRR, SRR, and CRR the bidder with the GA strategy behaves in a very similar way. He usually starts overbidding until the GA finds the optimal round to push the auction to rationing according to the probability of force rationing and his final allocation of items with respect to his real valuations. At this stage, he makes his minimum bid, that is, q 
With these three rationing rules, the effect of the GA strategy on the participants involved in the auction for all analyzed examples is provided in Table 3 . The units of observation are the seller's revenues (equation 6), the payoff for bidder 1, and the payoff for all bidders except 1. All these variables are computed as a percentage of the difference from what they would have been by bidding sincerely.
In all examples considered, bidder 1 is always better off following the GA bidding strategy rather than bidding sincerely. With the SRR and CRR this difference is even more significant. He always wins at least the same number of objects and at a lower average price. With the PRR, bidder 1 always gets the same units but as he usually overbids, the units are clinched at lower prices. With the SRR and the CRR he clinches units at a lower prices and he often takes advantage of the rationing rules earning more units than with the sincere bidding strategy. Therefore, with these two rationing rules the payoff difference is higher.
The seller is always worse off with the SRR and the CRR as he does sell all the items but at a lower price. Hence the revenues are lower. Nevertheless, with the PRR there are some specific auctions where the seller is better off. The reason for this result is that with the strategic bidder behavior, the other participants sometimes clinch units at higher prices.
The final payoff for the other participants is always lower with the CRR. With the PRR and the SRR the final outcome depends on each specific auction. Sometimes they do have higher payoff as the average selling price of the items is lower. Nevertheless, their payoffs can also be reduced given that the prices at which they clinch are sometimes higher, and because they do not earn the same number of items, as bidder 1 takes advantage of the rationing rule. Since bidder 1 does not bid sincerely, another important result is that efficiency is no longer guaranteed, as the bidder with the highest valuation is not necessarily the one that wins the object.
CONCLUSIONS
This computational experiment is focused on a specific dynamic ascending multiunit auction with implementation of Vickrey pricing, which is referred to as the Ausubel auction.
An independent private values framework with dropout information in which bidders have weakly diminishing marginal values has been employed.
A GA has been introduced that can be successfully employed to evolve bidding strategies for this auction format. The GA proposes the bidding strategy for one bidder (bidder 1) while the others participants keep bidding sincerely. The algorithm generates different bidding strategies or actions to be taken according to the auction conditions, which are defined by three indicators: tendency toward elasticity in price demand; the number of bidders active in the auction with respect to the bidders at the beginning of the auction; and the number of objects that have not been clinched with respect to the number of objects demanded by the GA bidder.
By relating the GA strategy to a specific bidder it is possible to compare the payoff to what he would have obtained by bidding sincerely. The experiments have been run with two different demand curves: elastic and inelastic. The experiments were conducted separately for different numbers of bidders (n = 4, 6, 8) and numbers of objects auctioned (M = 10, 15, 20, and 25) . For all environments, three rationing rules have been considered: PRR, SRR, and CRR. For each rationing rule and environment the algorithm was ran 25 times, which allowed a population of 30 individuals to evolve for 1,000 generations.
The evaluation of the GA strategy reveals that the algorithm proposes strategies that yield to equal or higher payoffs to the evolving bidder when rationing is needed. These results do not contradict Ausubel findings because the optimal strategy that the GA propose is not an equilibrium. This is just the best strategy that the evolving bidder can follow once he has learnt his rivals' preferences, the rationing rule considered, and taking into account that the other bidders will always bid sincerely.
To have a better understanding of the behavior of the GA bidder it has been analyzed in depth the auction process of six examples for each rationing rule where the GA beats the SB. With this analysis the optimal bidding strategy, which the GA proposes for bidder i is usually to overbid just until (i) the total demand of the other bidders plus the quantity he has already clinched is equal to the number of lots auctioned, and (ii) what he will probably get with the tie-breaking rule considered is connected with his true values. At that point the bidder will underbid by either making his lower possible bid, i.e., what he has already clinched or underbidding. With this performance the bidder is pushing the auction to a situation of rationing, which maximizes his payoff. In all studied examples, bidder 1 is always better off following the GA strategy. The seller is always worse off with the SRR and the CRR but with the PRR his revenues can change. The outcome of the other participants will depend on each specific auction for the PRR and the SRR but would always be worse off with the CRR.
These results reveal that the implementation of GAs and the selection of a rationing rule can be a key point in the final outcome of an Ausubel auction, both in allocations and payments. Just as some authors pointed out (Jackson et al. 2002) , the tie-breaking rules should be viewed as part of the solution of the games rather than part of the description of the model. Therefore, a solution is a tie-breaking rule together with a profile of (mixed) strategies that satisfies the usual best response criterion.
Nevertheless, the constraint set by all bidders but one bidding sincerely is a strong one. In future works all the participants will evolve according to the GA searching for equilibrium.
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